Abstract: This note revisits recent results regarding the geometry and moduli of solutions of the heterotic string on manifolds Y with a G 2 structure. In particular, such heterotic G 2 systems can be rephrased in terms of a differentialĎ acting on a complexΩ
Introduction
Heterotic systems are the geometric structures appropriate to N = 1 supersymmetric heterotic string compactifications and these have interesting mathematical properties. We have three goals with this note regarding heterotic systems. First, we hope it may serve as a friendly introduction to our recent work on the geometry and moduli of heterotic string compactifications [1] [2] [3] [4] . Second, we wish to highlight one of the main features of the work presented in these references, which is an equivalence between d-dimensional heterotic systems and certain nilpotent operators obtained as an appropriate projection of an exterior covariant derivative D d which acts on a bundle Q d . This bundle will be defined in the text, but in brief Q d is the bundle over a d-dimensional manifold Y whose sections correspond to one parameter subgroups of the symmetries of the heterotic system. The correspondence between heterotic systems and nilpotent operators can be used, in six [1, 5, 6] and seven [3, 4] dimensions, to show that the infinitesimal moduli of heterotic systems correspond to classes in the first cohomology group of the associated operators. The third goal of this paper is to give a relation between the operators D d in seven and six dimensions, and give a new perspective of the Strominger-Hull system [7, 8] . In particular we show how to recover the Strominger-Hull system for a six dimensional manifold X (that is the heterotic system in six dimensions) from the heterotic system on a seven dimensional manifold Y = R × X. In deriving this result, we show that the Strominger-Hull system is equivalent to a particular holomorphic Yang-Mills covariant exterior derivative on Q| X = T * X ⊕ End(T X) ⊕ End(V ).
The heterotic G system and its infinitesimal moduli
Heterotic G 2 systems are geometric structures relevant to three dimensional N = 1 supersymmetric compactifications of heterotic string theories. Heterotic string theories are ten dimensional, and one makes the natural ansatz that the ten dimensional manifold M 10 has the form M 10 = M 1,2 × Y where M 1,2 is maximally symmetric, and one aims to understand the effective field theory on M 1,2 . In this section we introduce heterotic G 2 systems. Our presentation will be brief and the reader is referred to [3, 4] 
where CS(A) and CS(θ) are the Chern-Simons three forms for the connections A and θ respectively, α is a constant related to the string length scale 2 , and B is the socalled B field. Note that the B field is not well defined as it transforms under gauge transformations of the bundles, however B transforms in such a way that H is a well defined three form 3 . Equation (2.1) is called the anomaly cancelation condition and the exterior derivative gives the heterotic Bianchi identity
The geometry of these objects is constrained by the requirement that we preserve N = 1 supersymmetry on M 1,2 . In particular, the G 2 structure ϕ on Y is required to be integrable. To understand what this means, consider the exterior derivative d acting on the three form ϕ and the four form ψ = * ϕ (where the Hodge star operator is given by the metric defined by the G 2 structure ϕ). We can write these as
where the i-forms τ i are torsion classes which are uniquely determined by ϕ. Note that τ 3 and τ 2 are in the 27 and 14 irreducible representations of G 2 respectively. A G 2 structure ϕ is integrable when τ 2 = 0 4 . The connections A and θ are required to 1 We have changed notation compared to [4] : θ here =θ there , ζ here = θ there . 2 This constant is assumed to be small so that strings appear point-like at low energies. 3 For a discussion see [9] . 4 The term integrable G 2 structure was coined in Ref. [10] , and refers to a restriction of the intrinsic torsion of the geometry, specifically τ 2 = 0. Integrable G 2 geometry shares certain features with even dimensional complex geometry. In particular, one may define a canonical differential complexΩ * (Y ) as a sub complex of the de Rham complex [10] , and the associated cohomologieš H * (Y ) have similarities with the Dolbeault complex of complex geometry.
be instanton connections, 5 that is
where F is the curvature two form of the connection A on the bundle V , and R is the curvature two form of the connection θ on T Y . Finally, supersymmetry also imposes a constraint on the three form H of equation (2.1) which is
It is worth remarking that in terms of this, we can write the structure equations for the G 2 structure above when τ 2 = 0 as
One can check that H is the torsion of the unique metric connection compatible with the G 2 structure, that is ∇ϕ = 0 , which is totally antisymmetric and which exists if and only if the G 2 structure is integrable.
To be precise, we collect the above discussion in a formal definition: We remark that this system is slightly more general than that corresponding to an N = 1 heterotic string compactification as the latter also demands that the torsion class τ 1 is d-exact, τ 1 = dφ/2, where φ is the dilaton. We do not assume this, in fact, a heterotic G 2 system only satisfies dτ 1 ∧ ψ = 0, as can be easily seen from equation (2.6).
We now explain how to reformulate the G 2 system in terms of a bundle Q on which there is an exterior covariant derivative D and an appropriate projectionĎ which is nilpotent, where we introduce the simplified notation Q ≡ Q 7 and D ≡ D 7 when d = 7. Consider the bundle Q which is topologically defined by
For examples of G 2 instantons, see [11] [12] [13] [14] [15] . Note that for an instanton connection on a bundle E over an integrable G 2 manifold Y , one can define an elliptic bundle valued differential complex Ω * (Y, E) [16] .
and the linear operator D defined by [4] 
which acts on the space of forms on Y with values in Q. D satisfies the Leibniz rule and is therefore a covariant exterior derivative on Q. The component d A is an exterior covariant derivative on V with connection one form A. The components d ζ and d θ are both exterior covariant derivatives on T Y with connection one forms ζ, θ respectively. The connection one form ζ is related to a metric connection ∇, which is compatible with the G 2 structure, that is, ∇ϕ = 0. If the Gamma symbols of the connection ∇ are Γ, the connection one form ζ is then given by
The linear operator F acts on forms with values in Q as follows.
where
The map R is defined similarly, but instead it acts on forms valued in
Next, we construct a differential operatorĎ as the projection of D onto an appropriate irreducible representation of G 2 . The projection depends on the degree of the form that the operator D acts on, and it is defined as follows 6 .
Definition 2. The differential operatorĎ is given by
where the π i 's denote projections onto the corresponding subspace. 6 We refer to [4] for more details.
This definition extends the definition of the operatorsď appropriate for deformations of manifolds with an integrable G 2 structure which where first considered in [10, 16] and used in [3] . The fact thatĎ 2 = 0 encodes the heterotic G 2 system, is stated in theorems 6 and 7 in our paper [4] . In this note, we put these results together in the following theorem.
Theorem 1. Let Y be a manifold with a G 2 structure ϕ, V a bundle on Y with connection A, and T Y the tangent bundle of Y with connection θ. Let ζ be a connection one-form on T Y compatible with the G 2 structure, that is, ζ is related to a metric connection ∇ with ∇ϕ = 0 and such that its Γ symbols are related to ζ by
Consider the exterior covariant derivativeĎ defined by (2.7) and definition 2. Theň
, H is a heterotic G 2 system and we choose
where H is given by equation (2.4). This statement is true to all orders in the perturbative α expansion.
We will not give the full proof of this theorem here. For more details the reader is referred to [4] . However several comments are in order. It is an easy check to see that the heterotic G 2 system impliesĎ 2 = 0. The converse, is a little more involved. To see this we computeĎ 2 , which giveš
The proof starts with the (3, 3) component ofĎ 2 . One needs to assume that when the constant α vanishes, one has the condition that F 0 ∧ ψ = 0, where F 0 is the curvature of the one form connection A on the bundle V when α = 0. This condition is motivated by the physics of heterotic string compactifications. Working order by order in the perturbative α expansion, one finds that F ∧ ψ = 0 to all orders in α . Moreover one finds that the G 2 structure must be integrable. This means that the connection one form ζ must be compatible with the integrable G 2 structure. Similar considerations apply for the (2, 2) component, that is, R ∧ψ = 0. With the exception of the component (1, 1), it is now straightforward to prove that all other components vanish. Note that the vanishing of the components (1, 2), (1, 3), (2, 1), (3, 1) require also the Bianchi identities d A F = 0 and d θ R = 0. Note that integrability also implies that ∇ϕ = 0, where ∇ has connection symbols given by (2.9) and H is again given by (2.4). Finally the vanishing of the component (1, 1) then implies the Bianchi identity for H.
The necessity of the anomaly cancelation condition forĎ 2 = 0 is a rather striking result as this represents a new interpretation of the anomaly cancelation condition. It means that the Bianchi identity of the anomaly, together with the conditions that ϕ is an integrable G 2 structure on Y , the connections A on V and θ on T Y are instantons, are the necessary and sufficient condition for there to exist a differential complexΩ
where Ω n r (Y, Q) is the space of Q valued n-forms in the r irreducible representation of G 2 . Moreover, it has also been shown (see [4, 17] ) that this complex is elliptic, which means that theĎ cohomology of Q is finite dimensional provided that Y is compact.
The only part of the proof of the theorem that may not be rigorous mathematically has to do with the need to use a perturbative α expansion. This is motivated by superstring theory. In this setting, we recall that α is related to the string length, which is conventionally assumed to be small so that strings appear point-like at low energies. With this assumption, superstring theory reduces to a supergravity theory with an infinite tower of α corrections. The analysis we have performed is sensible under this premise.
Another interesting result in [3, 4] pertains to the infinitesimal moduli of heterotic G 2 systems. Consider a family of heterotic systems
, and κ t ∈ Ω 1 (Y, End(T Y ) represent infinitesimal deformations of the integrable G 2 structure, and the instanton connections A and θ respectively. Note that we describe the variations of ϕ and ψ in terms of M t and these are related by
Considering M t as a matrix, the antisymmetric part of M t in the 14 irreducible representation of G 2 drops out of these relations. Note however that while this is not part of the moduli of the G 2 structure it is needed to incorporate the (gauge invariant) variations of the B field as discussed below.
We prove in [4] that the tangent space to moduli space of heterotic G 2 systems is given by the firstĎ cohomology of the bundle Q
Remarkably, we find that in order for this to work, we have to identify the symmetric part of M t with the variations of the metric on Y and the gauge invariant variations B t of the B field with the antisymmetric part of M , where B t is obtained by varying equation (2.1)
An interesting fact is that in the case of a manifold with G 2 holonomy we recover the well known result [18] [19] [20] [21] that the dimension of the moduli space of G 2 metrics together with the B field is given by b 3 + b 2 of the manifold Y .
3 Reducing the heterotic G 2 system
In this section we consider the heterotic G 2 system upon restriction of the seven dimensional manifold Y to six dimensions. We thus assume that our seven dimensional spacetime Y is of the form
where now X is some compact six dimensional manifold with an SU (3) structure. The aim of the section is to recover the Strominger-Hull system [7, 8] on X, which will be defined below. Under the restriction, the G 2 structure decomposes as
where r denotes the coordinate along the R-direction. Here (Ψ, ω) denote the SU (3) structure on X satisfying the usual relations
Six dimensional manifolds with an SU (3) structure (ω, Ψ) are almost complex hermitian manifolds with an almost complex structure J determined by the three form Ψ, and hermitian form ω(U, V ) = g(JU, V ) , for any vector fields U and V . With respect to the almost complex structure J, the fundamental form ω is type (1,1) and Ψ is type (3, 0). We are interested in geometries of the form
where M 1,3 is taken to be maximally symmetric. Furthermore, we assume no field dependence on the r coordinate, and none of the six-dimensional form fields have components along R in (3.1). Under these assumptions, the heterotic G 2 system on Y must restrict to a heterotic SU (3) system on X corresponding to the StromingerHull system [7, 8] . In particular, the assumptions combined with the integrability of the G 2 structure implies [2] that τ 0 = 0 and hence that M 1,3 must be Minkowski space, and moreover, that the SU (3) structure on X is constrained by
The restriction equation (3.6) on the SU (3) structure implies that X is complex, that is, J is integrable. The second equation (3.7) defines a locally conformally balanced metric on X 7 . For heterotic string compactifications, the Lee-form W ω 1 is also taken to be exact, and related to the dilaton by W ω 1 = dφ. As for the heterotic G 2 system, we shall forgo this assumption. It is also worth pointing out that, by applying∂ to equation (3.6), W Ψ 1 is always∂-closed, where∂ is the anti-holomorphic Dolbeault operator associated to J. The intrinsic torsion H of the heterotic G 2 system in equation (2.4) is reduced to
Consider now the restriction to six dimensions of the vector bundles V and T Y . The instanton conditions on the connections A and θ, together with the assumption that the restrictions to X are independent of the coordinate r, lead to
where on the right hand side F and R are the curvatures of the connections A and θ, which are now, by a slight abuse of notation, restricted to the bundles V | X and T X. These are the Yang-Mills equations for holomorphic vector bundles for V | X and T X. In other words, the curvatures of V | X and T X are primitive type (1, 1) two forms. We will denote the antiholomorphic parts of the connections by ϑ = θ and A = A (0,1) . Finally, by equations (2.2) and (3.9) the heterotic Bianchi identity becomes
For the sake of clarity, let us give a formal definition of the Strominger-Hull system:
Definition 3. Let X be a manifold with an SU (3) structure (ω, Ψ), satisfying equations (3.4), V a bundle on X with connection A, and T X the tangent bundle of X with connection θ. A Strominger-Hull system [X, ω, Ψ], [V, A], [T X, θ], H has a complex conformally balanced SU (3) structure on X and the curvatures F and R of the connections A and θ respectively satisfy the holomorphic Yang-Mills conditions (3.10)-(3.11), and the intrinsic torsion H as defined by (3.9) satisfies the heterotic Bianchi identity (3.12).
Reducing the operator D
Consider the operator D defined by equation (2.7). This differential operator can be restricted to a differential operator acting on
where the individual bundles have been appropriately reduced. The restricted operator on X, which we denote D| X , further splits as
where D and D denote respectively the (1, 0) and (0, 1) part of D| X with respect to the complex structure J on X. We are particularly interested in the action of D on Q| X . Indeed, as we shall see, when splitting the cotangent bundle into its holomorphic and anti-holomorphic parts
by slight abuse of notation we can view D as an almost holomorphic structure acting on the topological sum of bundles
In this section we see how this works. The restriction of the operator D to X can be deduced by studying the restriction on its action on sections on Y with values in Q. Indeed, the restricted operator gives a covariant derivative
whose connection one forms Γ X are fully determined by their actions on sections. Moreover, to understandD we only need to restrict the action of D on a section Z ∈ Ω 0 (Y, Q) to a corresponding action of D on sections with values in Q. Since we are interested in the restricted differential, we may assume that Z has no components in the r direction. Let us also write
Let {z µ , µ = 1, 2, 3} be complex coordinates on X and {zμ,μ = 1, 2, 3} their complex conjugates. The first component of equation (3.16) is an element of Ω 1 (Y, T * Y ). The restriction to the anti-holomorphic part of T * X gives
tr (κ Rμνdzν) − tr (α Fμνdzν) .
As we have seen above, the restriction of the curvatures F and R to V | X and T X are of type (1, 1). Hence the last two terms in the above expression vanish. We are therefore left with
The last equality follows from reducing the seven dimensional Γ symbols to six dimensions and using (3.9). Raising with the six dimensional hermitian metric the anti-holomorphic index to a holomorphic tangent bundle index, we can instead view this result as
Next, consider the action of D on the holomorphic part of the cotangent bundle
Note that in this case, the terms involving the curvatures of the bundles do not vanish. The first term in the above equation reads
As it turns out, the connection symbols Γν µ ρ of the reduced connection vanish. Hence, we can write this as d
Thus, we have
Finally, we also have the action of D on the bundle valued part of the bundle, that is, we need to consider the reduction of the second and third components of equation (3.16) . Let us denote the endomorphism valued indices of the bundle by {α, β, ..}. This gives
where we denote d Thus, in summary we find thatĎZ = DZ restrict to DZ with 20) where, by slight abuse of notation, we now have
In other words, as claimed above, Z is an element of the bundle Q of (3.14), and D defines an almost holomorphic structure on this bundle. 
which is exactly the extension bundle constructed for the six-dimensional StromingerHull system in Refs [1, 5] . More precisely, D matches the upper triangular operator of the same name defined in [1] . As such, it defines a holomorphic structure on Q and maps
The six-dimensional extension bundle Q, which has, since D 2 = 0, a flat connection, is closely related to the heterotic Courant algebroids defined in Refs [22, 23] . This relation is discussed in some detail in Ref [5] , which also provides a succinct introduction to the literature on heterotic and transitive Courant algebroids (see also [24] ). In brief, the Bianchi identity of the heterotic anomaly cancellation condition defines a Courant algebroid built from the vector bundle T X ⊕ adP ⊕ T * X, where we have introduced the direct sum bundle P = V ⊕ T X, and this has been used [22, 23, 25] to connect heterotic supergravity solutions to Hitchin's generalised geometry [26, 27] . The heterotic Courant algebroid has also been used to determine infinitesimal deformations of to heterotic compactifications to four and three dimensions [6, 17] . Here the holomorphic extension bundle (Q,D) forms a crucial part of what the authors denote a holomorphic Courant algebroid, which can be defined when the heterotic supersymmetry conditions in of the Strominger-Hull system are satisfied. It is interesting to ask whether a similar object can be defined for the heterotic G 2 system.
It is also interesting to note that the extension bundle Q on a six dimensional manifold X, which contains both the holomorphic tangent T (1,0) X and cotangent bundle T * (1,0) X, embeds into a bundle Q on a real seven dimensional manifold Y , which only contains the cotangent bundle T * Y . This provides a perspective on heterotic G 2 systems that is not readily implied by a heterotic Courant algebroid like the one constructed in [17] . While it should be possible to relate the two perspectives, and repackage (Q, D) into an algebroid structure, we can also turn the question around and explore what the real perspective implies for the six-dimensional Strominger-Hull system. This is the aim of the next section.
A corollary of theorem 1
We saw above how to recover the holomorphic differential operator defined in [1] . Let us now return to the viewpoint of viewing D| X as a real operator on the bundle
, where now
With this, we now consider the consequences of Theorem 1 when reducing to six dimensions. The restricted exterior derivative D| X has a curvature
Furthermore, imposing that the operator D satisfies the instanton conditioň
in seven dimensions implies that the operator D| X corresponds to holomorphic YangMills connection, that is
From Theorem 1 we then derive the following corollary Corollary 1. Let (X, Ψ, ω) be a manifold with an SU (3) structure, V a bundle on X with connection A, and T X the tangent bundle of X with connection θ. Let ζ be a metric connection with connection symbols given by (2.9), where H = − d c ω. Proof. This corollary is a direct consequence of Theorem 1, when reducing it to six dimensions as in (3.1), and requiring that the resulting four-dimensional spacetime is maximally symmetric (which implies that the solutions are four dimensional Minkowski). We also assume no quantity depends on the coordinate r and that the fields have no components in the r-direction.
We can then conclude that this real perspective on d-dimensional heterotic systems translates the differential constraints on the system into the existence of an operator D d acting on Q d -bundle valued forms. Furthermore, (Q d , D d ) satisfies the same constraint as does the vector bundle (V d , A d ) that describes the gauge sector of the heterotic system in d dimensions. In this note we have identified (Q 6 , D 6 ) = (Q| X , D| X ) and (Q 7 , D 7 ) = (Q, D) for six and seven dimensional heterotic systems, respectively. It is tempting to speculate that (Q d , D d ) with the same property exist for heterotic systems of other dimensions.
Let us also speculate about another possible consequence of corollary 1. The Donaldson-Uhlenbeck-Yau theorem [28, 29] and Li-Yau theorem [30] state that holomorphic polystable bundles of zero slope always admit connections that solve the hermitian Yang-Mills equations. Thus, instead of solving the hermitian Yang-Mills equations explicitly, we may use algebraic geometry to check whether the bundle satisfies certain stability constraints. It has been speculated by Yau and others that an analogous property holds for the full heterotic system of equations [31, 32] . If such a theorem can be proven, one would be able to prove existence of solutions of the Strominger-Hull system by checking algebraic conditions. Our observation that the Strominger-Hull system can be rephrased in terms of the holomorphic Yang-Mills connection D| X on a bundle Q| X could potentially help further explorations in this direction.
The restriction of heterotic G 2 systems that we have presented here gives a new perspective on the moduli of the Strominger-Hull system, that we will explore in an upcoming publication. It would also be interesting to use the restriction techniques of this note to explore the connections between heterotic systems in seven and six dimensions, without the additional constraints on the r-dependence of the fields assumed in this note. This would provide insight into the geometry and moduli of other types of SU (3) structure compactifications of the heterotic string, in the spirit of refs. [2, 33] . We hope to come back to this in the future.
